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1. INTRODUCTION 
The problem of differential inequalities with deviating arguments has been studied by a number of 
authors. For first-order and second-order differential inequalities, we can refer to [1-3] and their 
references. In this paper, we consider the following second-order neutral differential inequality 
with continuous deviating arguments 
dt 2 x(t)+ ~,(t)~(~(t)) ÷ p (t, {) / (x [g(t, {)]) do({) < O. (1) 
The aim of this paper is to obtain some sufficient conditions under which (1) has no eventually 
positive solutions. Using the results of inequality (1), we establish some new oscillatory criteria 
for solutions of certain hyperbolic equation with distributed eviating arguments 
+ ~-~ci(t)u(X, Ti(t = a(t)&u(x,t)+ aj(t)Au(x, pj(t)) 
i=1 j= l  
/a - q (x , t ,~) f (u [x ,g ( t ,~) ] )  dcr(~), (x, t) ~ f~ x R+. 
(E) 
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We first assume throughout his paper that 
(A1) ci(t) E C([t0, +cx~), R+); R+ = [0, +oo); Ti(t) E C([t0, +oo), R); Ti(t) <_ t and 
lim Ti(t) = +00, i = 1 ,2 , . . . ,m,  
t ---*-I-oo 
(A2) g(t,{) E C([t0,+ac) x [a,b],R); g(t,~) <_ t, ~ E [a,b]; g(t,() are nondecreasing with to t 
and (, respectively; and limt--.+oo g(t, a) = +oo, 
(A3) p(t, ~) E C([t0, +ao) x [a, b], R); a(()  E ([a, b], R) is nondecreasing, integral of inequal- 
ity (1) is a Stieltjes integral. 
2. MAIN  RESULTS 
For convenience, we first give the following lemmas. 
LEMMA 1. Suppose that the following conditions hold 
m 
E ci(t)<_ 1, 
i=1 
f (x)  > ~ > o, 
X 
(x > O, A is a constant). 
(2) 
(3) 
f ix ( t )  is an eventuMly positive solution of inequality (1), and let 
m 
y(t) = x(t) + ~ c~(t)z (~-,(t)), 
i=1 
(4) 
then there exists a tl >_ O, such that 
y(t) > o, y"(t) _< o, and V(t) > O. (5) 
PROOF. Since x(t) is an eventually positive solution of (1), and from (A2), there exists a tl _> 0 
such that 
x(t )>O,  X(Ti(t))>O, and x[g( t ,~)]>O,  t_>tl ,  ~E[a,b].  
Noticing (2), we have y(t) > O, t >_ tl, and from (3), we have 
~a b 
y"(t) < - p(t,~) f (x[g(t,~)]) da(~) < O, (6) 
then y'(t) is a monotinic decreasing and we can further prove y'(t) > O, t > tl. 
In fact, if there is a t2 _> tl, with y'(t2) = O. Then from (6), we have y'(t) <_ y'(t2) = O. 
t > t2. From (A2), there exists a t3 _> t2 such that y"(t3) < 0, which implies that yl(t) < y'(t3) < 
y'(t2) = 0, t > t3, then 
y(t) - y(t3) <_ y'(s) ds <_ y' (t3) ds < O, t>_t3, 
therefore limt--.+oo y(t) -= -oo. This contradicts the assumption that y(t) > O, t >_ tl. This 
completes the proof of Lemma 1. 
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LEMMA 2. Suppose that x(t) is an eventually positive solution of inequality (1), then there exists 
a t2 for any v E (0, 1) such that 
y(t) >_ uty'(t). (7) 
PROOF. Since x(t) is an eventually positive solution of (1), by Lemma 1, there exists a tl i > _ 0 
such that (5) holds, and it is easily seen that there exists a r/such that 
y( t ) -y ( t l )=y 'O?) ( t - t l ) ,  ~E (tl,t). 
From (5), for any ~ E (0, 1), we have 
y(t) > y'(t)(t - tl). (8) 
Let w = 1/(1 - v), then u = 1 - ( l /w), and 
t - tl >_ t - --t = t (1 -1~ =at, t >_ wtl = t2. (9) 
O3 \ w /  
From (8) and (9), we can get (7). This completes the proof of Lemma 2. 
LEMMA 3. (See [2].) Suppose that Q(t,~) E C(R+ x [a,b],R+), and 
(H1) there exists a function h(t,{) E C(R+ x [a,b],R+) such that h(h(t,~),() = g(t,~); h(t,~) 
is nondecreasing function with respect o t and ~, and t > h(t, ~) >_ g(t, ~), 
(H2) limt--.+oo inf f2(t,b) f :  Q(s, ~) da(~) ds(1/e), 
(Ha) limt-~+oo inf fh(t,b) f :  Q(s, ~) da(~) ds > O. 
Then the first-order etarded ifferentialinequality 
x'(t) q- Q(s, ~)x [g(t, ~)] da(~) < 0 (10) 
have no eventually positive solutions. 
REMARK 1. The existence of the h(t, f) has been obtained in [2]. 
Now we give the main results of this paper. 
THEOREM 1. Suppose that (2) and (3) hold. If there exist d g(t, a) and ~(t) E C'([t0, +ec), R+) 
such that 
A~(s) p(s,() 1 -  ~ ci[g(s,()] da(() 
i=1 
then inequality (1) has no eventually positive solutions. 
~t2(S) ! 
I ds  = +oo,  a) J 
(11) 
PROOF. Suppose that  x(t) is an eventually positive solution of (1). Then there exists a tl >_ 0 
such that x(t) > O, x(rdt)) > 0, and z[g(t,()] > o, t >_ tl, ~ ~ [a,b]. From (4), we have 
m 
x [g (t, ~)] = y [g (t, ~)] - Ee i  [g (t, 4)] x (Ti [g (t, {)]), 
i=1 
and from (3), we have f(x[g(t,()]) >__ Ax[g(t,~)] > 0. Thus, 
b 
o = y"( t )  + 
>_y"(t)+;~ p(t,() y[g(t,~)]-~e~[g(t,~)]x(r i(t))  da(~). 
Ja  i=1 
(12) 
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From Lemma 1, y'(t) >_ O, and noticing y(t) >_ x(t), t > tl, we have 
/: } y" ( t )+A p(t,~) 1-~ci [g( t ,~)]  y[g(t,~)]d~r(~)<O. (13) 
i=1  
Using (A2), g(t, ~) is nondecreasing in ~, we have g(t, a) <_ g(t, ~), ~ E [a, b]. Therefore, we have 
; {m } y"(t) + Ay [g(t, a)] p(t,() 1 - E ei [g(t, ~)] da(~) <_ O. (14) 
i= I  
Set 
w(t)  . ,  y'(t) 
= ~(:) y[g--(t, a)] ' (15) 
then W(t) >_ O. Using the condition of that there exists rig(t, a), we have y'[g(t, a)] = ~ dg(t, a); 
and from (A2), g(t, ~) <_ t, ~ e [a, b], we have y'(t) <_ y'[g(t, a)], thus 
W'(t) = ~'(t)y'(t) 
y [g(t, a)] 
< ~(t)y"(t) 
- y [g(t, a)] 
_< ~(t) 
y'(t~ 
+ ~(t )y~a) ]  
+ ~'2(t) 
4~(t)g'(t,a) 
y"(t) ~'2(t) + 
y [g(t, a)] 4~(t)g'(t, a)" 
~(t)y'(t)y' [g(t, a)] g'(t, a) 
y2 [g(t, a)] 
V/~(t)g,(t,a) y'(t) ~'(t) ] 
y [(g(t, a)] 2V/~(t)g'(t, a) 
From (14), we have 
[ ;  I ] W'(t) < - A~(t) p(t,{) 1 -  ci[g(t,{)] da({) ~'2(t) - i=l 4~(t)g'(t, a) " 
Integrating both sides of the last inequality above, from tl to t (t > tl), we have 
~12(S) W(t) <_ W (Q) - !A~(s) p(s,~) 1 - E ci[g(s,{)] dcr(~) ds. (16) 
i= l  4~(s)gl(s, a) 
By taking t --* +oc and noticing (14), we have W(t) ~ -ec,  which contradicts W(t) > 0. This 
completes the proof of Theorem 1. 
THEOREM 2. Suppose that (2),(3), and (H1) hold, and that 
(H4) limt--.+o~ inff;(t,b ) f:(1/2)g(t,{)Q(t,{) {1 - ~-~im__l ci[g(s,{)]} da({)ds > (l/e), 
(H5) limt-+o~ inf Jh(t,b) f:(1/2)g(t, ~)Q(t, ~) {1 - ~-~i~=1 ci[g(s, ~)]} da(~) ds > O. 
Then inequality (1) has no eventually positive solutions. 
PROOF. Suppose that x(t) is an eventually positive solution, by Lemma 1, we know that there 
exists a t3 _> tl such that X(Ti(t)) > O, x[g(t,~)] > 0, and x'[g(t,~)] > O, t >>_ t3, ~ E [a,b]. 
Noticing y(t) >_ x(t), we have 
then 
m m 
y(t) < x(t) + E ci(t)y (T~(t)) <_ x(t) + E e~(t)y(t), 
i=1  i=1 
[1-  ~-~ c~(t)] y(t) < 
t >_ t3, 
(17) 
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Using Lemma 2, (13), and (17), we have 
O>_y"(t)+A f p(t,() 1 -  ci[g(t,~)] y[g(t,~)]da(~) 
/: } >_ y"(t) + A p(t, ~) 1 - ~ c~ [g(t, ()] vg(t, ()y' [g(t, ()] da(~). 
i= l  
Choosing v = (1/2) c (0, 1), we have 
y"(t) + -~ p(t,~)g(t,~) 1 - c~[g(t,~)] y'[g(t,~)]da(~) <_ O, 
i=1 
t>_t3. 
Let z(t) = y'(t), then 
/:1 {5  } 
z ' ( t )+A ~p(t,~)g(t,~) 1 -  c~[g(t,~)] z[g(t,~)]da(~)<O, 
i=1 
t > t~ (is) 
Choosing 
then we have 
Q(t,~) = -~p(t,~)g(t,~) 1 - E ci [g(t, ()1 , 
i=-1 
t ~ t3~ 
jfo t fab 1 lim inf Q(s,() da(() ds > - ,  
t---*+oo g(t,b) e 
lira inf Q(s,~) da(() ds > 0, (19) 
t - - *+~ (t,b) 
z'(t) + Q(s,~)z[g(t,()]da(() <<_ O. 
Thus it follows from Lemma 3 that inequality (19) has no eventually positive solutions, which 
contradicts the fact that z(t) = y'(t) > 0 is a solution of (18). This completes the proof of 
Theorem 2. 
REMARK 2. Similar to the above results on inequality (1), we can consider the following second- 
order delay differential inequality. 
d2 [ m fab 
dt---~ x(t) +~_c~(tl~:(,-~(t)) + p(t,~)f(z[g(t,~)]) d~(~) >_ O, 
i=1 
(1') 
and obtain sufficient conditions that ensure that Inequality (1') has no eventually negative solu- 
tions. 
For the second-order delay differential equation 
dr-- 7 x ( t )+~c~(t )x ( r~( t ) )  + p(t , ( ) f (x[g(t ,~)])d~(()=O. (20) 
i=1 
\¥e have following results. 
THEOREM 3. Suppose that the conditions of Theorem 1 hold. 
tion (20) is oscillatory. 
THEOREM 4. Suppose that the conditions of Theorem 2 hold. 
tion (20) is oscillatory. 
Then every solution of equa- 
Then every solution of equa- 
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3. APPL ICAT ION 
Recently, some results have been obtained on the oscillatory behavior of hyperbolic equations 
with functional arguments, which can be referred to in [4-7] and their references. Those works, 
however, only deal with the case of discrete delay. Using the properties of the second-order 
inequality, we can obtain some oscillatory criteria for all solutions of partial functional differential 
equations with continuous distributed eviating arguments. In this paper, we are considering 
following nonlinear hyperbolic equations 
(92 ' m ] 
Ot 2 u+ Eci ( t )u(X,  Ti(t)) = 
i=1 
n b 
a(t)Au + E aj(t)Au(x, pj(t)) - / q(x, t,~)f (u [x,g(t,~)]) da(~), 
j=l 
(x, t) • ~ x R+, 
(E) 
which satisfies the following boundary value condition 
Ou 
an + ~(x, t)u = 0, (x, t) • am × R+, (B) 
where Au is theLap lac ian inR  n, (x,t) • ~ x R+ = C, R+ = [0,+co), u = u(x,t), v(x,t) • 
C(Ol2 x R+, R+), ~ is a bounded omain in R n with a piecewise smooth boundary 0gt. n denotes 
the unit exterior normal vector to 0£t. 
We further assume that 
(A4) a(t),aj(t),pj(t) • C([to,+Oc),R+); pj(t) < t; and limt_~+c~pj(t) = +co; j = 1 ,2 , . . . ,n ,  
(As) q(x, t, 4) • C(~ x R+ x [a, b], R+); f(u) • C(R, R) is a convex in R+ and - f ( -u )  = f(u). 
Since integral of (E) is a Stieltjes integral, it is easily seen that equation (E) includes the 
following delay hyperbolic equation 
u + ~ c~(t)u (z, r~(t)) = a(t) Au+~ (t)Au (x, (t)) - ~ qk(z, t)f (u [x, gk(t)]). (E') 
i=1 j= l  k=l  
The hyperbolic equations in [4-7] are special cases of equation (EP). 
A solution u(x, t) of equation (E) is called oscillatory in the domain G if for each positive 
number # there exists a point (Xo, to) E ~ x [#, +co) such that the condition u(xo, to) = 0 holds. 
Now we let 
Q(t, 4) = min {q(x, t, ()}. (21) 
xE~ 
With each solution u(x, t) of the problem (E),(B), we associate a U(t) defined by 
THEOREM 5. 
such that 
u(t) = f~ u(x, t) dx 
f~ dx (22) 
Suppose that (2) and (3) hold. If there exist d g(t, a) and ~(t) e C'([t0, +oc), R+) 
~(s)  Q(~,~) 1-~e~[g(~,~)]  d~(~) 
i= l  
4~(s)g,(s, a) ds = +cxD, (23) 
then all solutions u(x, t) to the problem of (E),(B) oscillate in G. 
PROOF. Suppose, to the contrary, that there is a nonoscillatory solution u(x, t) to the problem 
of (E),(B). Without loss of generality, we may assume that u(x, t) > O, (x, t) c 12 × [#, +oo), (# >_ 
Second-Order Differential Inequal i ty 49 
0), by the condition of (A) there exists a tl > # such that g(t,~) >_ it, (t,~) E [ t l ,+~)  × [a,b], 
and pj(t) >_ it, t >_ t l ,then 
u Ix, g(t, ~)] > O, (x, t, ~) e ~2 × [tl, +ec) × [a, b], 
~(x,~(t) )  > o, ~(x, pj(t)) > o, (x,t) e~×[tl,+~). 
Integrating equation (E) with respect o x over the domain £t, we have 
dt 2 udx + Ec~(t ) U(X,T~(t)) dx 
i=1 
n 
J,,~ Audx + E aj(t) /~ Au(x, p3(t)) dx (24) a( t )  
j= l  
- q(x,t,~)f(u[z,g(t,~)]) d~(~)dx, t > tl. 
Using the Green's formula, we have 
Audx = -~n dw = - u(x,t)ud~ <_ O, (25) 
_r Au(x, pj(t)) dx -Jo~ -On ~(x, py(t))u(x, py(t)) dm <_ O. (26) 
Using Jensen's inequality and (21), we have 
/~ ~bq(x,t,~)f (u[x,g(t,~)]) d(r(~)dx 
lab/  = q(x,t,()f(u[x,g(t,~)]) dzd~(~) 
o~ (27) 
>_ /~ Q(t,~) [f f(u[x,g(t,~)]) dx] d~(~) 
>- fabQ(t '~){f(  fnu[x'g(t'~)]dx)fn d  [j~ dx} d(r((), t >_ tl. 
Therefore, from (25)-(27), we have 
i= 1 
t hen 
dt 2 U(t) + ci(t)U (ri(t)) + Q(t,~)f (U[g(t,~)]) da(~) _< 0, t >_ tl. (28) 
i= l  
By Theorem 1, we can obtain that (28) has no eventually positive solutions, which contradicts 
the fact that the U(t) defined in (22) is a positive solution of (28). 
Analoguos to Theorem 5, using Theorem 2, we have the following theorem. 
THEOREM 6. Suppose that (2),(3), and (HI) holds, and 
lim inf g(t,~)Q(t,~) 1 - ci [g(s, ~ da(~) ds > e' 
t - - *+~ (t,b) i=1 
lim inf jh  f f lg(t,~)Q(t,~ ) 1-Eci[g(s,~)] d~r(~)ds>0, (30) 
t~+e~ (t,b) i=1 
then a11 solutions u(x, t) to the problem of (E),(B) oscillate in G. 
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